We study the implicit second order ordinary differential equations with complete integral. In this paper, we give a characterization of the implicit second order ordinary differential equations with smooth complete integral which we call Clairaut type equations. Besides, we consider properties of the Clairaut type equations and present the duality among special completely integrable equations with respect to Engel-Legendre transformations.
Introduction
The classical Clairaut equation (ALEXIS CLAUDE CLAIRAUT [2] , 1713-1765) is one of the typical examples of the first order ordinary differential equations which is given by y = xp + f (p), where p = dy/dx and f is a smooth function. It is treated as an example of a non-linear equation which is easily solved. Moreover, it has a beautiful geometric structure as follows: There exists a "general solution" that consists of line y = t · x + f (t) where t is a parameter and the singular solution is the envelope of that family. The Clairaut type equation was investigated by Dara [4] as a generalization of the classical Clairaut equation. In [8] , it has been given a characterization of first order Clairaut type equations. Also in [9, 16] , they have studied a generic classification of Clairaut type equations for the case of first order differential equations.
In this paper, we shall discuss Clairaut type equations for the case of second order ordinary differential equations. For implicit second order ordinary differential equations, we consider two second order ordinary classical Clairaut equations. Indeed, in [11, 12, 15, 18] higher order classical Clairaut equations were studied. In particular, one of second order ordinary classical Clairaut equations is defined by
where p = dy/dx, q = d 2 y/dx 2 and f is a smooth function. The "general solution" is formed by replacing the derivatives by arbitrary constants (cf. [18] ):
for r, s ∈ R.
On the other hand, the second order ordinary classical Clairaut equation was studied by Shyuichi Izumiya (cf. [1] ). Consider the following equation similar to the first order classical Clairaut equation:
where p = dy/dx, q = d 2 y/dx 2 and f is a smooth function. We can easily solve this equation and "general solution" is given by y = 1 2 r · x 2 + f (r) · x + s for r, s ∈ R, in detail see Example 2.4. We will refer such classical equations to second order Clairaut type equations (see, §3). In §2, we introduce the notions of smooth complete solutions, complete solutions and Engel-Legendre transformations. In §3, we give a characterization of second order Clairaut type equations (Theorem 3.1). As a property of second order Clairaut type equations, we give a relationship between second order classical Clairaut equations and Clairaut type equations (Theorem 3.4). In order to prove Theorem 3.4, we use the Engel-Legendre transformations. In §4, we define a special complete solution and establish the principle of duality among implicit second order ordinary differential equations with special complete integral. We show that if F = 0 is specially completely integrable, then F = 0 is of Clairaut type (Corollary 4.2). Finally, we determine the normal forms of special complete solutions (Theorem 4.3). All manifolds and map germs considered here are differentiable of class C ∞ , unless stated otherwise.
Basic notions
We consider an implicit second order ordinary differential equation of the form
We now define the notion of solutions. A smooth solution of F = 0 (or, a classical solution) is a function germ y = f (x) at the origin such that (0,
In other words, there exists a function germ f : (R, 0) −→ R such that the image of 2-jet extension of f , j 2 f : (R, 0) −→ J 2 (R, R), is contained in F −1 (0). Obviously, the map germ j 2 f is an Engel immersion germ. Here we say that a map germ γ : (R, 0) −→ J 2 (R, R) is an Engel immerison germ if γ is an immerison germ and γ * α 1 = γ * α 2 = 0. Also a geometric solution of F = 0 is a smooth immersion germ γ : (R, 0) −→ F −1 (0) such that γ * α 1 = γ * α 2 = 0, namely, γ is an Engel immersion germ and the image of γ is contained in F −1 (0). If we denote γ(t) = (x(t), y(t), p(t), q(t)) in the coordinates on J 2 (R, R), then the conditions of an Engel immersion germ are equivalent to γ (t) = 0, y (t) = p(t)x (t) and p (t) = q(t)x (t). It is easy to prove the following lemma:
Suppose that x (0) = 0. Then there exist a diffeomorphism germ φ : (R, 0) −→ (R, 0) and a function germ f such that γ • φ(t) = (t, f (t), f (t), f (t)).
According to the above result, we may define the notion of singular point of solutions. We say that t 0 is a geometric singular point of the geometric solution γ if x (t 0 ) = 0. Thus, the solution is multi-valued around the geometric singular point. It is clear that t 0 is a geometric singular point of γ if and only if (x (t 0 ),
, where π 1 (x, y, p, q) = (x, y, p) and π(x, y, p, q) = (x, y). We denote by Σ π 1 (F ) and Σ π (F ) the sets of π 1 -singular points and π-singular points respectively. We also call the set
In [5, 13, 14] , it has been investigated the existence of geometric solutions and a local classification of generic second order ordinary differential equations. In this paper, we are interested in the following notions (cf. [3, 6, 7, 9, 16, 17] 
By the definition of smoothness of the solution (i.e., classical solution) and a parametrized version of lemma 2.1, a smooth complete solution of F = 0 is defined by a two-parameter family of smooth function germs y = f (r, s, t) such that
is an immersion. We remark that j 2 * f is an immersion germ if and only if
On the other hand, we consider the corresponding definition of a parametrized version for geometric solutions. Let Γ : (R 2 × R, 0) −→ (F −1 (0), (x 0 , y 0 , p 0 , q 0 )) be a two-parameter family of geometric solutions of F = 0. We call Γ a complete solution at (x 0 , y 0 , p 0 , q 0 ) if rank   (∂x/∂r) (∂y/∂r) (∂p/∂r) (∂q/∂r) (∂x/∂s) (∂y/∂s) (∂p/∂s) (∂q/∂s) (∂x/∂t) (∂y/∂t) (∂p/∂t) (∂q/∂t)
where Γ(r, s, t) = (x(r, s, t), y(r, s, t), p(r, s, t), q(r, s, t)). It follows that Γ is a diffeomorphism germ.
We say that an equation F = 0 is completely integrable at (x 0 , y 0 , p 0 , q 0 ) if there exists a complete solution of F = 0 at (x 0 , y 0 , p 0 , q 0 ). The uniqueness of the complete solution is given by the following proposition:
Proof. Suppose that the assertion does not hold. Since the solution is a two-parameter family of curves in F −1 (0), then there exists a point (
and
where Γ(r, s, t) = (x(r, s, t), y(r, s, t), p(r, s, t), q(r, s, t)). If we calculate second order partial derivatives of above equalities, then we get
Therefore we obtain the equality (∂q/∂s) · (∂x/∂r) = (∂q/∂r) · (∂x/∂s). This contradicts the fact that Γ t is an immersion germ. 2
Let an equation F = 0 be completely integrable at (x 0 , y 0 , p 0 , q 0 ). We say that a geometric solution γ : (R, is never contained in a leaf of a complete solution (cf. [7, 10] ). Now we define contact singular points, complete singular solutions and second order contact singular points (see [1] ).
Around points z ∈ S = F −1 (0) such that the contact plane ξ z intersects T z S transversally, it is easy to see that a complete solution exists by integrating the line field ξ ∩ T S. We call points where transversality fails to hold contact singular points and denote by Σ c = Σ c (F ) the set of contact singular points. It is easy to check that the set of contact singular points is given by
From the definition of singular solutions, it is easy to see that a geometric solution γ : (R, t 0 ) −→ (S, (x 0 , y 0 , p 0 , q 0 )) is a singular solution only if it is contained in Σ c (F ). We will also consider the subset ∆ = ∆(F ) ⊂ Σ c which is defined to be the set of points z ∈ Σ c such that T z S coincides with the kernel of α 1 (z). Explicitly, it is given by ∆ = {z ∈ Σ c | F p (z) = 0}. We now assume that Σ c = ∅ and Σ c is a 2-dimensional submanifold. Then we call a diffeomorphism, if it exists,
Also, around points z ∈ Σ c such that ξ z intersects T z Σ c transversally in T z S, it is easy to see that a complete singular solution exists by integrating the line field ξ ∩T Σ c if it is not contained in the complete solution. Around points where transversality does not hold a complete singular solution need not exist. We call such points second order contact singular points and denote by Σ cc = Σ cc (F ) the set of second order contact singular points.
In [1] , were given the existence conditions of complete solution and complete singular solution under a regularity condition. (1) F = 0 is completely integrable at z 0 if and only if z 0 ∈ Σ c or Σ c is a 2-dimensional manifold around z 0 .
(2) F = 0 is completely integrable and Σ c = ∅. Then F = 0 admits a complete singular solution around z 0 ∈ Σ c if and only if z 0 ∈ Σ cc or Σ cc is a 1-dimensional manifold around z 0 .
(3) F = 0 is completely integrable. Then Σ cc is contained in ∆.
Here we give examples illustrating the notions of complete solutions and complete singular solutions.
Example 2.4 (Second order ordinary classical Clairaut equations) (i) Let
. Therefore the contact singular set is given by
By Theorem 2.3, this equation is completely integrable. In fact, differentiation of the equation with respect to x yields (2q − (1/2)x 2 )(dq/dx) = 0.
By the vanishing of the second factor, we obtain q = r and p = rx + s where r, s ∈ R. Substitution of these values into F = 0 leads to
for each r, s ∈ R. This is a general solution which gives rise to the complete solution Γ :
Also observe that the map Φ :
given by
is a complete singular solution. In this case, Σ cc = ∅ and ∆ = {(x, y, p, q)| x = y = q = 0}.
(ii) Let F (x, y, p, q) = −p + qx + f (q). In this case F x + pF y + qF p ≡ 0, F q = x + f (q). Thus the contact singular set is given by
By the vanishing of the second factor, we obtain q = r and p = rx + f (r) where r ∈ R. Substitution of these values into F = 0 leads to
is a complete singular solution. In this case, Σ cc = ∆ = ∅.
We consider a transformation of R 4 . Let (X, Y, P, Q) be another coordinate system on R
4
given by X = q, Y = p − qx, P = y − px + (1/2)qx 2 , Q = x. We call the smooth mapping
an Engel-Legendre transformation (or, briefly, E-L transformation). By definition, we have E −1 (X, Y, P, Q) = (Q, P + Y Q + (1/2)XQ 2 , Y + XQ, X). If we apply the E-L transformation to our equation F = 0, we obtain a new equation and call such equation a dual of equation,
in the coordinate system (X, Y, P, Q). We calculate partial derivatives at the point (X 0 , Y 0 , P 0 , Q 0 ) corresponding to (x 0 , y 0 , p 0 , q 0 ), we can show the following:
Second order Clairaut type equations
In this section, we give a definition and a characterization of second order Clairaut type equations. The notion of second order Clairaut type equations is one of generalizations of the notion of the second order classical Clairaut equations.
We say that an equation F = 0 is a second order Clairaut type equation (a Clairaut type equation for short) at (x 0 , y 0 , p 0 , q 0 ) if there exist smooth function germs A(x, y, p, q) and B(x, y, p, q) at (x 0 , y 0 , p 0 , q 0 ) such that
By definition, if F = 0 is a Clairaut type equation at (x 0 , y 0 , p 0 , q 0 ), then Σ c (F ) = Σ π 1 (F ) and ∆(F ) = Σ π (F ). Both of classical Clairaut equations are Clairaut type equations, because we may take A = B = 0 by direct calculations. We will discuss a relationship between the classical Clairaut equations and the Clairaut type equations (cf. Theorem 3.4).
If an equation F = 0 is of Clairaut type at (x 0 , y 0 , p 0 , q 0 ), then F = 0 is completely integrable at (x 0 , y 0 , p 0 , q 0 ) by [1, Lemma 3.1].
The following theorem gives a characterization of the Clairaut type equations in detail. Proof. Assume that F = 0 is a Clairaut type equation at (x 0 , y 0 , p 0 , q 0 ), then there exist function germs A and B at (x 0 , y 0 , p 0 , q 0 ) such that
If we denote c(t) = (x(t), y(t), p(t), q(t)), then we have x (t) = 1, y (t) = p(c(t)), p (t) = q(c(t)) and q (t) = −B(c(t)). These equalities guarantee that c(t) is a smooth solution of F = 0. Then the flow of the vector field V gives the smooth complete solution of F = 0.
On the other hand, let y = f (r, s, t) be the smooth complete solution of F = 0 at (x 0 , y 0 , p 0 , q 0 ). If we calculate the partial derivate of F (t, f (r, s, t), f t (r, s, t), f tt (r, s, t)) = 0 with respect to t, then we have F x + f t · F y + f tt · F p + f ttt · F q = 0 at (t, f (r, s, t), f t (r, s, t), f tt (r, s, t)) ∈ F −1 (0). Since the map j 2 * f is an immersion germ, then there exists a function germ B(x, y, p, q) at (x 0 , y 0 , p 0 , q 0 ) such that B •j 2 * f (r, s, t) = f ttt (r, s, t). For any (x, y, p, q) ∈ F −1 (0), there exists (r, s, t) such that (t, f (r, s, t), f t (r, s, t), f tt (r, s, t)) = (x, y, p, q). Hence we have F x +p·F y +q·F p = −B · F q . Since dF = 0, the above equality means that there exists a function germ A(x, y, p, q)
This completes the proof by renaming −B as B.
For the proof of the second part, we may assume that there exists a smooth complete
This is equivalent to f r = f s = 0. Then the set Σ π (F ) is given by the equation f r = f s = 0 near (x 0 , y 0 , p 0 , q 0 ). We now consider the family of graphs of the smooth complete solutions which is given by the equation f (r, s, t) − y = 0 in the (t, y)-plane. Then the set {(t, f (r, s, t))| there exists (r, s) such that f r (r, s, t) = f s (r, s, t) = 0} is the envelope of this family by the definition. This set is equal to the discriminant set D F by the previous argument. This completes the proof of Theorem 3.1.
2
We now consider properties of the second order Clairaut type equations. The following proposition asserts that the class of Clairaut type equations is more general than the class of equations satisfying the assumptions of theorem 2.3, namely, F = 0 is completely integrable, 0 is a regular value of F q | S and Σ c = ∅. 
. Furthermore dF (z 0 ) = 0, then the above equality means that there exists a function germ A(x, y, p, q) at z 0 such that
We also have the following proposition (compare with Theorem 2.3):
Proposition 3.3 Suppose that F = 0 is a Clairaut type equation at z 0 and Σ c is a 2-dimensional submanifold around z 0 . Then Σ cc is contained in ∆.
Proof. Assume that Σ cc = ∅ and let z 0 ∈ Σ cc . Since dF (z 0 ) = 0 and z 0 ∈ Σ c , either
Due to the implicit function theorem, there exists a smooth function germ f : V −→ R where V is an open set of R 3 such that, in a neighbourhood of z 0 , a point (x, y, p, q) ∈ F −1 (0) if and only if f (x, p, q) − y = 0. Thus, without loss of generality, we may assume that F (x, y, p, q) = f (x, p, q) − y. Let φ : V −→ S denote the smooth map (x, p, q) −→ (x, f (x, p, q), p, q). Since F = 0 is a Clairaut type equation, we have Σ c = Σ π 1 . It follows that φ −1 (Σ c ) = f q −1 (0). Also there exist smooth function germs A and B at z 0 such that the following equality holds:
From the definition of Σ cc , we have
On the other hand, differentiating (1) with respect to q gives
For any z = (x, y, p, q) ∈ Σ cc , comparing above equalities we obtain that f p (v) = 0 and hence z ∈ ∆. Suppose that F p (z 0 ) = 0. Again, due to the implicit function theorem, there exists a smooth function germ g : U −→ R where U is an open set of R 3 such that, in a neighbourhood of z 0 , a point (x, y, p, q) ∈ F −1 (0) if and only if g(x, y, q) − p = 0. Hence, without loss of generality, we may assume that F (x, y, p, q) = g(x, y, q) − p. Let ψ : U −→ S denote the smooth map (x, p, q) −→ (x, y, g(x, y, q), q). Then ψ −1 (Σ c ) = g q −1 (0) and there exist smooth function germs A and B at z 0 such that the following equality holds:
where u = (x, y, q) ∈ ψ −1 (Σ cc ). Also differentiating (2) with respect to q gives
However, for any z = (x, y, p, q) ∈ Σ cc , this case cannot occur. This completes the proof of Proposition 3.3. 2
Consider the second order ordinary classical Clairaut equations rather than Clairaut type equations. We give a characterization of second order ordinary classical Clairaut equations as follows: (1) F y = 0 at z 0 and there exist function germs A, B : (J 2 (R, R), z 0 ) −→ R such that
(2) There exists a function germ f : (R, q 0 ) −→ R such that
(B) The following conditions are equivalent:
(1) F p = 0 at z 0 and there exist function germs A, B : (
Proof. Item (A). Suppose that F = 0 satisfies the condition (1). Then F y = 0 at z 0 . By the implicit function theorem, we may assume that there exists a function germ h(x, p, q) on an open subset of R 3 such that F has the form F (x, y, p, q) = h(x, p, q) − y. We now consider the dual of equation
The converse of the proof is obtained by a direct calculation.
Item (B). We can prove by similar arguments of item (A). By the assumption of F p = 0 at z 0 , again due to the implicit function theorem, we may assume that the form of equation is given by F (x, y, p, q) = k(x, y, q) − p for some function germ k(x, y, q) on an open subset of R 3 . Also since F y ≡ 0 on F −1 (0), it follows that the equation is given by
Therefore we can put f (X) = K(X, Q). Pulling back by the E-L transformation, we have F −1 (0) = {(x, y, p, q)| p = qx + f (q)}. The converse of the proof is also obtained by a direct calculation. 2
Special completely integrable and Engel-Legendre transformations
In this section, we consider a duality of completely integrable equations with respect to EngelLegendre transformations. In order to introduce a duality, we define a special complete solution of equations. Let Γ : (R 2 × R, 0) −→ (F −1 (0), (x 0 , y 0 , p 0 , q 0 )) be a complete solution of F = 0 at (x 0 , y 0 , p 0 , q 0 ). We call Γ a special complete solution if q(r, s, t) = q(r, s), where Γ(r, s, t) = (x(r, s, t), y(r, s, t), p(r, s, t), q(r, s, t)). We say that F = 0 is a special completely integrable equation at (x 0 , y 0 , p 0 , q 0 ) if there exists a special complete solution of F = 0 at (x 0 , y 0 , p 0 , q 0 ).
Let F = 0 be a completely integrable and
Since the E-L transformation does not preserve the canonical Engel structure, F * = 0 might not have a complete solution. However, we can prove the following theorem: Proof. We denote Γ(r, s, t) = (x(r, s, t), y(r, s, t), p(r, s, t), q(r, s, t)). By definition, Γ * (r, s, t) = q(r, s, t), p(r, s, t) − q(r, s, t)x(r, s, t), y(r, s, t) − p(r, s, t)x(r, s, t) + (1/2)q(r, s, t)x 2 (r, s, t), x(r, s, t) .
Since the E-L transformation is a diffeomorphism germ, Γ * is also a diffeomorphism germ. We caluculate that (Γ * (r,s) ) * α 1 = 0 and (Γ * (r,s) ) * α 2 = 0 for each (r, s) ∈ (R 2 , 0). We have (Γ * (r,s) ) * α 1 = − x(r, s, t) + y(r, s, t) − p(r, s, t)x(r, s, t) + 1 2 q(r, s, t)x 2 (r, s, t) ∂q ∂t (r, s, t) and (Γ * (r,s) ) * α 2 = 1 2 x(r, s, t) (x(r, s, t) − 2) ∂q ∂t (r, s, t).
If we assume that (∂q/∂t)(r, s, t) = 0 around t 0 ∈ (R, 0), then x(r, s, t) ≡ 0 or x(r, s, t) ≡ 2 around t 0 by the continuity of x(r, s, t). For the case x(r, s, t) ≡ 0, we get y(r, s, t) ≡ 0 around t 0 by (Γ * (r,s) ) * α 1 = 0. On the other hand, when x(r, s, t) ≡ 2, we also get 2 + y(r, s, t) − 2p(r, s, t) + 2q(r, s, t) ≡ 0 around t 0 by (Γ * (r,s) ) * α 1 = 0. In the both cases, we come to a contradiction with the fact that Γ is a diffeomorphism germ. Therefore we have (∂q/∂t)(r, s, t) ≡ 0 around 0.
The converse of the proof is obtained by a direct calculation. 2
Let F = 0 be a special completely integrable equation at z 0 . According to Theorem 4.1, the dual equation F * = 0 is also completely integrable at z * 0 = E(z 0 ). Moreover, let Γ : (R 2 × R, 0) −→ F −1 (0) be a special complete solution of F = 0. Since Γ is complete solution of F = 0, Γ (r,s) (t) is a geometric solution of F = 0 for fixed parameters (r, s) ∈ (R 2 , 0). From the definition of geometric solution, it follows that (∂x/∂t)(0) = 0 where Γ(r, s, t) = (x(r, s, t), y(r, s, t), p(r, s, t), q(r, s)). Then we can easily show that F = 0 has a smooth complete solution. As a corollary of Theorem 3.1, we have the following result: Corollary 4.2 Suppose that F = 0 is a special completely integrable equation at (x 0 , y 0 , p 0 , q 0 ). Then F = 0 is a Clairaut type equation at (x 0 , y 0 , p 0 , q 0 ).
Let F = 0 be a special completely integrable equation at (x 0 , y 0 , p 0 , q 0 ). By Corollary 4.2, F = 0 has a smooth complete solution Γ : (R 2 × R, 0) −→ (F −1 (0), (x 0 , y 0 , p 0 , q 0 )) which is given by Γ(r, s, t) = (t, f (r, s, t), f t (r, s, t), f tt (r, s, t)),
where f is a smooth function germ. By the uniqueness of complete solution (Proposition 2.2) and the definition of special complete solution, there exists a smooth function germ α such that f tt (r, s, t) = α(r, s). Hence the smooth function germ f is represented by f (r, s, t) = 1 2 α(r, s)t 2 + β(r, s)t + γ(r, s), where α, β and γ are smooth function germs. As a consequence, we have the normal forms of special complete solutions. Remark that by definition of the complete solution, α, β and γ satisfy the condition rank (∂α/∂r) (∂β/∂r) (∂γ/∂r) (∂α/∂s) (∂β/∂s) (∂γ/∂s) (0) = 2.
By definition, both of second order classical Clairaut equations are special completely integrable. We can consider the completely integrable dual equations for such equations.
